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Intrcducticm 

‘Ihe development of some of the mre intricate r.f. procedures in Fermilab’s Tevatnm I 

project(’ ) such as bunch mtation,(2) bunch coalescing,(3) etc. has been greatly aided by 

computer simlations, i.e., tracking of representative particles in longitudinal phase 

space on a turn-by-turn basis throughout the process. lhe program developed for these 

tracking calculationsC4) has been tested subsequently by several users in a variety of 

applications. (5) One of the more ambitious calculations has been the modeling of 

transition crossing in the Fetmilab 8 C&V booster and exploration of UT-junp schemes. 

These calculations have required augmnting the code to include effects depending on the 

beam current which I will refer to as collective effects. Specifically I have included 

the effect of the beam space charge and the coupling impedance between beam current and 

vacuum chamber on each particle. This note discusses how the collective effects have been 

introduced into the tracking calculation and gives a sample remit from the booster 

modeling effort. lhe conclusions from the booster calculation and new prcgrsm 

documentation will be provided elsewhere. (6,7) 

Calculation of the Space Charge and Wall Impedance Energy Correction 

The beam is modeled as a cylindrical charge distribution of constant radius a centered 

in a cylindrical vacuum chamber of radius b. lhe arguments are equally applicable to a 

rectangular vacuum chamber by using an effective b/a ratio. (8) The charge density is 



assmed to be constant out to a for fixed longitudinal comiinate s’ in the beam rest 

frm: 

i p,(s,t) (OSS) 
p(r,s’)=) 

1 

S' = Y (s-ect) (1) 

0 (aSEb,) 

The beam is supposed to be bunched into h identical bunches of N particles each with bunch 

length mch greater than a. If the s dependence of pO is also slow, i.e. if a(ap/as)<<p 

then the radial electric field resulting fm the beaiD iS 

I 

A(s t) r t- 

2m, a2 (OS2 

E.$?,S, t)= 

X(s t) 1 L- 
27~~ r (aLEbb) 

(2) 

where the linear charge density is 

aq 
h(s,t) = - = Ta*p, (s,t) . (3) 

as 

The charge distributim is assured to be little changed over the tine $ during which it 

ties a single turn amund the accelerator, i.e. ~~ (ap/at)<<p. ‘Ihe beam current is 

Ib=5cx . (4) 

This current results in a toroidal magnetic field 

, lLJb,t) BC c 

i zT a2 (“*S’ 

B$(r,s,t) = i 

i 
LJ(s*t) fit 1 (a&g)) 

2n r 

(5) 



From the curl-E Maxwell equation 

‘fi &&=- - a &do+ ; 
at 

with the integration contour indicated in Fig. 1 one finds 

ERAS + JtEr(s+As)dr - E,As - iiEr(s)dr = - AsJ”!?BOdr 

(6) 

(7) 

where Es and E, are the longitudinal electric field on-axis and along the beam pipe wall 

respectively. Defining in the conventional way the gmtric paramtm 

g = 2[Jt i,dr + J”, “,‘I = 1 + 2 2.n (b/a) 

EQ. 7 becomes 

g ah 
Esf - --E=-~08cgah . 

KITE, as w 471 a* 

FmnEq. 1 and 3 one has 

ah -= - gc i!L 
at as 

-2 -2 
and because MOE, = c and 1-B' = Y one can cmbine electric and mgnetic term 

g ah 

Es= - - - +E 
4~~~2 as w . 

(8) 

(9) 

(10) 

(11) 
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Relating the space charge field to the gradient of the linear charge density in this 

way indicates how the field arises but does not directly relate the field to the beam 

current. One would like to ccmbine as mxh as possible the calculation of the space 

charge and wall coupling contribution to Es. This combination is made most easily by 

expressing both contributions as function of bean current. The constant of 

proportionality between beam current and the accelerating or decelerating voltage that a 

beam particle experiences will be an imedance, generally ccn@ex and frequency dependent. 

Because the beam current is not a simple alternating current it rmst be fourier analyzed 

and the voltage arising from each ccxxponent calculated separately. The voltage that a 

particular particle in the distribution experiences is dependent on its location in the 

bunch. Therefore, one rmst account for three phases, namely, the particle’s phase 

relative to the bunch center, the phases of each fourier component of the beam current, 

and the reactive shift of the voltage components relative to the currents producing them. 

If in Eq. 9 one uses Eq. 10 to replace ax/as instead of ah/at one gets in place of Eq. 

11 for Es 

g ah 
Es= - +E 

4~~~23~ at 
w * (12) 

Using Eq. 4 ‘co introduce the beam current and Za = (eoc)-‘=377R to introduce impedance 

units 

zag alb 
Es= -- +E 

4+wf)*~c at 
w * 

Ew arises from the beam current image flowing in the wall and +&erefore, 

(13) 

Ew = IwZw/3rR = - IbZw/23rR (14) 



where Zw is the total wall impedance for the beampipe. lhe accelerating or decelerating 
voltage generated by the beam current is 

Z&R alb 
V = - I Esds = - SMEs - 2xREw = - - +1z bw ’ (15) 

TIC at 

Consider the voltage component produced by a single fourier component of the beam current 

IW = 1,e +iwt. ‘Ihe impedance seen by the beam at frequency w/21r is 

“w M&R 
zllJ=- = - +Z W (16) 

I w mY)*c 

Because of the assumption that there are h identical beam bunches, the relation between w 

and the beam circulation frequency is 

w = nh% = nhBc/R (17) 

so that 

z w us ?4 - =-i - +- (18) 
nh ZBY2 nh 

From this we find that impedance corresponding to the space charge has the phase but not 

the frequency dependance resulting from a physical capacitor. It is possible for an 

inductive wall to cancel the space charge effect for all fourier cmonents but only at 

one energy. 

To find how the collectively generated voltage in turn affects the evolution of the 

distribution over many turns amd an accelerator or storage ring one can proceed 

iteratively starting from some plausible distribution, say for example a measured one, and 



calculate before each turn the voltage generated by the existing distribution. The chosen 

starting distribution may not be consistent with the space charge or the Zw for the 

particular problem; that question can be investigated by tracking a selection of 

distributions with fixed accelerator parameters. Indeed, there is not nuch a priori 

guidance for arbitrary Zw, but when space chatge is dominant one may reasonably start from 

an elliptical distribution which gives a parabolic current distribution. (9) lhe voltage 

acting on a particular particle is of course a function of its position in the bunch. lhe 

situation described by the initial assumptions is a quasi-stationary one in which there 

are h identical bunches in the beam which make up a current which affects all bunches the 

saae way on a given turn. lhe change in the distribution during one turn, which by the 

proceeding assurrption rmst be small, is incorporated in calculating the voltage acting on 

each particle on the following turn. 

To find the frequency spectrum of the beam current we fourier analize the charge 

distribution in its rest frame with respect to the variable 

$ = hs’/R . (19) 

Introducing a normalized periodic distribution function f($) %ch that 

fT f ($)d$ = 1 

and a real fourier expansion to exhibit the phases explicitly, 

f (9) = I: an cos (n$ - $J 

the component of the beam current with w = hnwR is 

mtic 
In= - an ~0s (n+$$ = ehN% an cos W-4nn) . 

R 

(21) 



The net impedance at each harmonic (Eq. 18) is aim represented in real form by a 

magnitude En and phase x,. Therefore, the energy increment for tine i-th particle produced 

by the bean current (subscripted ?? for collective effects) is 

ev (0 = ehk+ 21 an En cc6 (W (i) c -q) + x,) * (23) 

lhe lower limit for the sum is n=l because there is no steady d.c. current flowing in a 

put% resistance, the lowest frequency present being the rf fundamental h@m. The n=O 

term represents the current averaged over all frequencies. 

For nurrerical calculation one constructs f($) by binning the e-projection of the 

particle distribution. Tne fourier series can be obtained by a fast discrete transform 

(FFT) of the bin occupation numbers normlized so that the n=O term gives the correct 

average current. The resulting coefficients are then cotiined to give real mlitudes 

and phases an and I&. The amount of canputing is reduced by tabulating eVc at the same 

interval used in calculating f(a). By this means one need evaluate Eq. 23 once per bin on 

each turn rather than once for every particle on every turn. 

The choice of the bin width for f($) involves both numerical and physical 

considerations. Clearly tco few bins realts in a pcor representation of f whereas many 

bins will produce a good representation only if there are a sufficient number of particles 

per bin. The space charge contribution to eVc is often the dominant one and is generally 

largest in the wings of the distribution, where the occupancy is low, because there ah/as 

is greatest. To track a number of particles giving an adequate representation of the 

wings maybe very costly. It may be a satisfactory resolution of this dilemma to divide 

the initial phase space distribution into several classes distirmished by how far from 

the center of the distribution they lie. By assigning few particles with high weight to 

the center of the distribution and many particles with lesser weight to the outer 

pjlrtiticns one can treat the problem very satisfactorily until the mixing of the separate 

partitions becomes large. This strategy has not been needed or tested in the work done so 

far, but the tracking program is constructed to use it efficiently. 



According to the initial assumptions of mth longitudinal variation, a(@/&)<+, 

amplitudes an corresponding to wavelengths A, _< b shald be negligible. Were they not 

negligible it would be wrong to include them in Eq. 23 for eVc (9 because waves with 

angular frequency w > tic propagate freely in the beam pipe at a velocity different from 

the beam. Therefore, the assumption of quasi-static coherence of the corrponents during a 

beam circulation period ~~ would not be satisfied. ‘lhe microwave cutoff consideration 

leads to an upper limjt on the sum. The cutoff for the lowest made (TE, ,) of a circular 

pipe of radius b is 

AC= 3.41&b . (24) 

Note that the fourier analysis of the charge distribution has been performed in the beam 

frama whereas Xc is calculated in the lab frame where electtwta~etic waves are 

propagating in a stationary beampipe. The length AC is Larentz contracted by a factor Y-’ 

when transformd to the beam frame. ‘lhe fmdamantal interval of the fourier analysis is 

one wavelength of the accelerator rf, h rf’ merefoE, the maxim number of fourier 

components consistent with the assumptions of the calculation is 

nc=h /h rf c = Yhrf/3.4126b . (25) 

The distribution of particles rolst be divided into 2nc bins to detenine nc canponents. 

Lee and Teng” have compared exact calculations of longitudinal space chatge field 

with calculations from the local gradient of A for distributions appropriate to their 

investig.ation of negative mass instability in the Femilab booster. They calculate the 

gradient by differencing the population of adjacent bins constructed with the field point 

on the cmn boundary. They find the mst faithful approximation is given using a bin 

size wb -3b/4. This value should be divided by Y following the sams basic argument as 

above to get the correct energy dependsme. Therefore, the ntier of fourier ccqonents 



to choose for optirnxn precision in the evaluation of the space charge term is 

1 2rrR 1 2nRY 4rrRy 2 A ‘rf 
n=--= - _ 

Q 
=w= -- -y 

2 ““b 2 h(3b/4) 3bh 3b b 
(26) 

Ihis number is almost twice nc (Eq. 25) given by the microwave cutoff and therefore it 

should probably be used, if at all, only for calculations in which the wall impedance term 

is small or absent. Both nm&ers will be unacceptably large in many applications. If the 

distribution is changing efficiently slowly one can save some computing time by computing 

the fourier transform every few tums rather than every turn, but I know of no test other 

than trials with different frequency of recalculating the transform which will show when 

this technique is justified. Practically, the limit on the nuker of Eourier components 

is likely to be set by computing resources. tie will doubtless track what he can 
rezonably afford, say -lo* particles once the mechanics have been checked out in test 

Izu1S. Because statistical fluctuation of the bin population should be of the order of the 

square root of the population, one will probably try to have -10’ particles in the bins 

where X is changing most rapidly; in general these will be bins with far less than the 

typical nux&r of particles. Depending on the particular accelerator, either Eq. 25 or 26 

;ray easily require _ 10” bins. Thus one would infer that the practical limit in 

particles nay fail by an order of amgnitude or mxe to satisfy the requirements for a 

realistic simulation. However, if the initial distribution is reasonably smxAh one can 

get excellent fits to it with far fewer components. suppose, for exafnple one is 
investigating negative mass instability in a proton synchrotron. ‘Ihe initial distribution 

is presumably elliptical and bunched well inside the bucket boundaries. In such a case 64 
or even 32 cownents nay give a superb representation of the starting point. 

Furthermore, because the fourier analysis spans a of the rf phase, many of the bins are 

empty; the expression for eVc does not be evaluated for the empty bins. If one does not 

need to pursue the calculaticn in the regti where the bunch breaks up into small clusters 

but is satisfied to track only to the onset of the instability, far fewer bins and 

particles than indicated by Eq. 25 or Eq. 26 wy office. Clearly these are qualitative 

considerations and results of sxh calculations mcst be checked by testing the sensitivity 

of the features of interest to changes in bin width and/or nu&er of particles tracked. 



Example of a Simulation Including Both Space Charge and Wall Iq&ance 

As a sample of what nay cafe out of a turn-by-turn tracking when the beam induced 

voltage is included in the enera change per turn I show some m.aAts” for the Fennilab 

Booster when the beam current is at its all tima record value.” The sirmlation is 

9ealistic” with respect to the phase feedback included and the frequency dependence of 

the wall impedanceL3 but “unrealistic” in that the bunch is started out part way into the 

cycle with an emittsnce (.OZeVs) which has not been blown-up for space charge effects 

during inject ion. Tne E-@ distribution of the initial bunch is given in Fig. 2a, Fig. Zb 

shows the azimuthal or phase projection over one bucket. lhe beam induced voltage is 

plotted versus azinuth in Fig. 2~. The range of +65 to -155 kV may be compared to the 

accelerating potential of 883 kV to see that at this current the beam induced voltage is 

not a %srrall perturbaticn”. After 1000 turns we see in Figs. 3 a,b,c the effects of 

longitudinal instability leading to soms breakup of the bunch. Because this instability 

begins below transition it is not negative n?ass instability arising frcm the space charge 

term but is instead caused by the wall impedance Zw. Fig. 4 shows the distribution very 

nearly at the time of transition, where the usual bucket does not exist. Soms particles 

are lost frmn the bucket between turns 1000 and 2000. Fig. 5 gives the developrrents 1300 

turns later. lhe asynnetry of the filamantation results from the asym&zry of the bucket 

immsdiately after transition. Note that even 1300 turns later the bucket extends 

noticeably further below the synchronous energy than above. Particles were preferentially 

lost from the high energy side the distribution of Fig. 4 after transition. 

The foregoing sample is intended only to be illustrative of the kinds of phenomena 

that arise as one introduces the effect of the beam currmt on the synchrotmn mtion of 

beam particles. Analytical techniques can establish the existence and often the threshold 

for the collective longitudinal instabilities. To determine the effect of the instability 

on the evolution of the distribution and to asses the efficacy of remedial measures there 

zay be no simpler approach than a reasonably realistic particle tracking of the type 

described in this note. Indeed, them my be no other approach available. Many other 

aspects of accelerator operation may also be more clear with the aid of complete phase 

space distributions respesenting the effect on the beam of the known and suspected 
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Figure 2a: Initial Booster Bunch at 2.88 GeV, 17 = -0.025 
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departures from those idealized conditions which allow simple characterization and 

calculation of beaii behavior; such sinulaticn results are a valuable bridge between “text 

bock” cases and a useful understanding of the diverse phenomena of real accelerators. 
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